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Edge Effects in Laminated Composites with Pin-Loaded Holes
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Concordia University, Montreal, Quebec H3G 1M8, Canada

An analytical technique is developed for determining the three-dimensional edge effect stresses around pin-
loaded holes in symmetric laminated composites. Based on the superposition principle of linear elasticity theory,
the stress state around pin-loaded holes is divided into two parts, one the in-plane stress state determined using
the classical laminated plate theory and the other the boundary-layerstress state arising from the edge effects that
only exist in the vicinity of the holes. The equilibrium equations for boundary-layer stress state with zeroth-order
approximation are written based on a set of power series expansions. A closed-form solution for the boundary-
layer stress state with zeroth-order approximation is then obtained by imposing stress functions on the variational
principle of complementary energy. Numerical results obtained using the present technique for cross-ply laminates
are in good agreement with those obtained using � nite element methods.

Nomenclature
A.i/; B.i/; C .i/ = parameters related to the stress functions
F .i /.»; ´/; = stress functions for the i th ply
G.i/.»; ´/
fi ; gi ; hi = parameters used in the complementary energy

principle
f.i /.»; ´; µ / = boundary-layerstress coef� cients
H = laminate thickness
h = ply thickness
n = number of plies in a laminate
p.i/.´/; q.i /.´/ = functions for boundary-layerstress distribution

along the ply thickness direction in the i th ply
R = radius of pin-loaded holes
S.i/

i j = material compliances in the cylindrical
coordinate system

uc
r 0 = radial displacement at the contact surfaces

®; ¯; ° = real and positive parameters
0 = functional
"c = laminate strains obtained from the classical

laminated plate theory (CLPT)
"c

0 = laminate strains along hole edges obtained
from the CLPT

"e.i/ = boundary-layerstrains in the i th ply
".i / = total strains in the i th ply
¸ = root of characteristic equations
»; ´ = dimensionless variables in the radial and

thickness directions, respectively
5 = complementary energy
¾ c.i/; ¿ c.i / = in-plane stresses obtained from the CLPT in

the i th ply
¾ e.i/; ¿ e.i / = boundary-layerstresses in the i th ply
¾ .i /; ¿ .i / = total stresses in the i th ply
¾ c

r0 = average in-plane radial stress across the
laminate thickness along hole edges

¾
c.i/
0 ; ¿

c.i /
0 = in-plane stresses along hole edges obtained

from the CLPT in the i th ply
8.»/; 9.»/ = common functions for boundary-layerstress

distribution along the radial direction
8.i/.» /; 9 .i/.» / = functions for boundary-layerstress distribution

along the radial direction in the i th ply
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Introduction

T HREE-DIMENSIONAL edge effects predominantlyresponsi-
ble for the failure of laminated composite pinned joints used

in transferring in-plane loads have been recognized for the past 20
years, since Quinn and Matthews1 experimentally showed the in-
� uence of stacking sequence on the pin-bearing strength in glass
� ber-reinforcedplastics. This phenomenon is attributed to the exis-
tence of concentratedinterlaminar stresses around pin-loadedholes
in laminated composites. In spite of this recognition,most previous
research in this � eld was performedon the basis of two-dimensional
assumptions to avoid the complexity of three-dimensional stress
analysis.2– 4 A three-dimensionalstress and failure analysis can be
expected to provide more information about the composite pinned/
bolted joints because out-of-plane effects are considered in the
modeling.1;5;6 To date, only Shokriehand Lessard7 haveundertaken
a complete three-dimensional stress analysis in conjunction with a
progressive damage model for the failure analysis of composite
pinned joints. Further research is, therefore, required, especially on
the aspects of three-dimensional stress analysis around pin-loaded
holes in laminated composites.

Curved edge effects in laminated composites with traction-free
circular holes have been studied in a few research works through
numerical and analytical solution techniques. The � nite element
approach has been one of the most commonly used numerical tech-
niques in past investigations.Rybicki and Schmueser8 investigated
the effect of stacking sequence and lay-up angle on the free edge
stresses around circular holes, whereas Lucking et al.9 investigated
the effect of the hole radius to laminate thickness ratio on the inter-
laminarstressesin a [0=90]s composite.Both studiesmadeuse of the
conventional three-dimensional displacement formulated isopara-
metric elements based on the potential energy principle. Ericson
et al.10 used singular elements with assumed strain � eld to treat the
interlaminar stress concentrationalong hole free edges. Some spe-
cial � nite element techniques have also been developed to perform
the stress analysis for the curved free edge problem. Nishioka and
Atluri11 proposed an assumed-stress hybrid � nite element method
based on the modi� ed complementary energy principle, wherein
the approach is to embed analytical asymptotic solutions into the
special-hole elements. More recently, Hoa and Feng12 developed a
global/local approach using partial hybrid elements, in which the
domain of laminated composites with curved free edges is divided
into a local region, a transition region, and a global region to reduce
the number of active degrees of freedom without loss of accuracy.
The � nite element methods, however, have suffered from the dif� -
culties of handling the curved free edge effects in thick laminated
composites due to the limitation of computing costs. Furthermore,
caution must be taken when conventional displacement formulated
isoparametric elements are used to model free edge problems, be-
cause it is believed that unreliable results of calculated stresses
may arise from the inability to exactly satisfy the traction-free
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conditions at free edges and traction-continuityconditions at layer
interfaces.13;14

On the other hand,analyticalclosed-formsolutionsare preferable
to de� ne the potentially high interlaminar stress gradient � eld near
circular-holefree edgesof laminatedcomposites.Unfortunately,the
curvededge effects constitutea fully three-dimensionalproblem,so
that it is very dif� cult if not impossible to � nd stress or displace-
ment functions that satisfy the three-dimensional equilibrium and
compatibility equations in a cylindrical coordinate system. There-
fore, the boundary-layer theory, originally proposed by Reiss15 for
isotropic plates with circular holes and then extended to laminated
composites by Tang,16;17 is frequently employed as a powerful tool
in the analysis of curved free edge effect.18 – 20 In the boundary-
layer theory, a small variable is introduced so as to yield the sim-
pli� ed equilibrium and compatibility equations with zeroth-order
approximation, thereby making it possible to � nd stress functions
(or displacementfunctions) for these simpli� ed equations.Tang16;17

developedzeroth-ordersolutions for curved free edge effects in thin
laminatedcompositeswith only partsof the boundaryconditionsbe-
ing guaranteed in an average sense. Ko and Lin19 and Zhang et al.20

obtained the zeroth-order solutions for curved free edge effects in
both thin and thick laminated composites using the principle of
complementaryenergy, in which all of the traction-freeand traction
continuity conditions at ply interfaces are exactly satis� ed.

Comparedwith the edgeeffectsof traction-freecircularholes,rel-
atively few research works have been conducted on the edge effect
problems of pin-loaded holes in laminated composites because of
theextremecomplexityof boundaryconditionsat thepin–composite
contact interface. Currently, no analyticalclosed-formsolutionsare
availableto predictthe three-dimensionalstressesin laminatedcom-
posite pinned/bolted joints. A number of researchers have devoted
their efforts to this problem using fully three-dimensional� nite ele-
ment techniques.5;7;21¡23 However, the fully three-dimensional� nite
element analysis requires a large amount of computer storage and
run time, therebymaking it ratherdif� cult to obtainaccurate results.
As a matter of fact, most of their works are restricted to the cases
of [0=90]s and [90=0]s cross-ply laminates. Matthews et al.5 devel-
oped a 20-node isoparametricbrick element consistingof a number
of layers to compute the edge effects in multidirectional laminates.
Sperling21 and Marshall et al.22 made use of high-order displace-
ment formulated elements with coarse meshing for the problem of
edge effects. Recently, Shokrieh and Lessard7 and Lessard et al.23

formed a computationalmodel that includes more 20-node isopara-
metric brick elements through the thickness of each layer so as to
achieve higher accuracy in the quanti� cation of the edge effects
in cross-ply laminates. By performing a mesh-dependence study,
they7 ;23 showed that element meshing is of great importance for
the results of edge effects in � nite element analysis. As a result,
Sperling21 and Marshall et al.22 reported that the interlaminar shear
stresses are smaller than the interlaminar normal stress around pin-
loaded holes in cross-ply laminates, but Shokrieh and Lessard7 and
Lessard et al.23 establisheda conclusion to the contrary. Therefore,
reliable results for the curved edge effect problem can be obtained
from � nite element analysis only when the element meshing is � ne
enough.

The objective of the present paper is to develop elastic solutions
for three-dimensional edge effect stresses around pin-loaded holes
in symmetric laminated composites. The variational approach de-
velopedby Zhang et al.20 for the problemof curved free edge effects
is further extended and employed in the present work. The contact
interactions between the pin and the hole are simulated by apply-
ing prescribed radial displacementboundaryconditionson the con-
tact surface and traction free conditions on the no-contact surface.
Similar to most research on composite pinned joints,5;7;21¡23 the
friction effects between pin and hole surfaces are neglected, thus
making the contact surfaces free of shear traction. Following the
boundary-layertheory,16 curved edge effect stresses can be approx-
imately represented by a zeroth-order boundary-layer stress state,
for which two stress functions are then determined by imposing the
procedureof the calculusof variationson to the complementaryen-
ergy of the elastic system. All of the traction-free conditions along
the pin-loaded hole edges and traction-continuityconditions at ply
interfaces are satis� ed, whereas the radial displacement boundary

Fig. 1 Schematic representation of laminatedcomposite pinned joints.

Fig. 2 Laminate geometry and construction.

conditions on the contact surfaces are approximately satis� ed via
naturalboundaryconditionsobtainedin the operationof thecalculus
of variations. The present solutions for edge effect stresses around
pin-loaded holes have the simple forms of exponential functions,
thus providing a computational tool for thick laminated compos-
ites with the advantages of being simple and ef� cient. Numerical
illustrationsof the interlaminarstresses in cross-plylaminated com-
posites are also presented.

Problem Description
The problem of interest consists of a symmetric laminate with a

circular hole, to which a load P is applied by a pin, as shown in
Fig. 1. The pin-loadedhole edge is divided into two regions. One is
the contact surface where the pin and the hole edge are in contact,
and the other is the no-contactsurface where a clearanceexists. The
region of contact surface, i.e., contact angle, is determined by sev-
eral factors, such as tolerance,material properties, loading, etc. The
hole has a radius of R. The laminate is composed of n orthotropic
and homogeneous plies with individual � ber orientations, and the
thickness for each ply is h (Fig. 2); thus, the laminate thickness
H is equal to nh. The origin of a cylindrical coordinate system is
� xed at the center of the hole on the bottom surface of the laminate.
Therefore, in the de� ned coordinate system, the interface between
the i th and (i C 1)th plies is located at zi D ih, and it is de� ned that
z0 D 0.

To simplify the model formulation in the study, it is assumed that
1) the pin is in� nitely rigid and 2) the laminate is in� nitely large.
The in� uence of these two common assumptionson the model sim-
ulation of composite pinned joints is unimportant. This is because
the dimensions for edge and side distances of composite pinned
joints are usually designed to be much larger than the radius of
holes so that the joints fail in a bearing mode because this failure is
not catastrophic.24 Also, the effect of pin elasticity on the stress dis-
tribution around pin-loaded holes is usually neglected because the
stiffness of metal pins is considerably larger than that of polymer–
matrix composites.25

Solution Methodology
Previous research has shown that edge effects in laminated com-

posites exist in the vicinity of edges (namely, the boundary-layer
region).16 ;17;19;20 Hence, it is not adequate to describe the me-
chanical behavior of the boundary-layer regions by the in-plane
anisotropicelasticity theory26 in conjunctionwith the classical lam-
inated plate theory (CLPT). In fact, the in-plane anisotropic elas-
ticity theory gives only average values of in-plane stresses over
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laminate thickness, but out-of-plane stresses are ignored in the
boundary-layer regions. Thus, based on the superposition princi-
ple of linear elasticity theory,27 the stress and strain � elds in the
boundary-layerregions can be consideredas the summation of two
parts.16;17 ;19 ;20;28;29 One is the in-planestate predictedby the CLPT,
and the other is the additional three-dimensionalstate, hereafter re-
ferred to as the boundary-layer state, resulting from edge effects.
For the problem of composite pinned joints, the average values of
in-plane stresses and displacementsover the laminate thickness can
be calculated using Hyer and Klang’s,25 Zhang and Ueng’s30 or
de Jong’s31 analytical solutions. Particularly, these in-plane aniso-
tropic solutions give an accurate boundary condition for the radial
displacement along the contact surface, where the radial displace-
ment must be uniform across the laminate thickness, thus consti-
tuting a prescribed radial displacement boundary condition in the
present model. Now the total stresses and strains in ply i are given
by

¾ .i /
r D ¾ c.i/

r C ¾ e.i /
r ; ".i/

r D "c
r C "e.i/

r

¾
.i/
µ D ¾

c.i/
µ C ¾

e.i/
µ ; "

.i/
µ D "c

µ C "
e.i/
µ

¾ .i/
z D ¾ e.i/

z ; ".i/
z D "c

z C "e.i /
z ; ¿ .i /

zr D ¿ e.i /
zr (1)

".i/
zr D "e.i/

zr ; ¿
.i/
zµ D ¿

e.i/
zµ ; "

.i /
zµ D "

e.i/
zµ

¿
.i /
rµ D ¿

c.i /
rµ C ¿

e.i/
r µ ; "

.i /
rµ D "c

r µ C "
e.i/
r µ

where the superscriptc associatedwith ¾ and " refers to the stresses
and strains obtained from the CLPT. Therefore, the corresponding
in-plane strains remain constant across the laminate thickness. In
a similar manner, the superscript e refers to the boundary-layer
stresses and strains arising from the edge effects, which satisfy
the Hooke’s constitutive relationships in the cylindrical coordinate
system:
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In Fig. 1, there are several boundary conditions that need to be
satis� ed.

1) The top and bottom surfaces of the laminate are free of trac-
tions, i.e., at z D 0

¾ .1/
z D 0; ¿

.1/

zµ D 0; ¿ .1/
zr D 0 .3a/

and at z D H

¾ .n/
z D 0; ¿

.n/

zµ D 0; ¿ .n/
zr D 0 .3b/

2) At any interface between two plies, traction continuity must
be guaranteed.That is, at z D zi .i D 1; : : : ; n ¡ 1/

¾ .i /
z D ¾ .i C 1/

z ; ¿ .i /
zr D ¿ .i C 1/

zr ; ¿
.i/
zµ D ¿

.i C 1/
zµ .3c/

3) The contact surface is only free of shear tractionsbut subjected
to the boundary condition of a prescribed radial displacement uc

r0
determined by the in-plane anisotropic solutions,25 ;30;31 whereas
the no-contact region is free of tractions.That is, on contact surface
(r D R)

¿
.i/
rµ D 0; ¿ .i/

zr D 0; u.i /
r D uc

r0 .3d/

and on no-contact surface (r D R)

¿
.i/
rµ D 0; ¿ .i/

zr D 0; ¾ .i /
r D 0 .3e/

4) Because edge effects only exist in the boundary-layerregions,
the solution of the CLPT is recovered, and the boundary-layer

stresses are, thus, equal to zero far from the hole edges, i.e., as r !
1

¾
.i/
µ D ¾

c.i/
µ ; ¾ .i/

r D ¾ c.i/
r ; ¿

.i /
rµ D ¿

c.i /
rµ (3f)

¾ .i/
z D 0; ¿

.i/
zµ D 0; ¿ .i /

zr D 0 (3g)

The displacementcontinuityconditionsat ply interfacesare relaxed
because the variational principle of complementary energy is em-
ployed in the present model.

The solution procedure employed to determine the boundary-
layer stress state is described as follows:

1) Expand the boundary-layer stress state into a power series of
a small dimensionlessparameter.

2) Obtain the zeroth-orderboundary-layerequilibriumequations
based on this power series.

3) Assume the forms of boundary-layerstress functions that sat-
isfy thezeroth-orderequilibriumequationsandpartsof theboundary
conditions.

4) As an approximation, the calculus of variations is performed
only on the part of the complementary energy that is caused by the
boundary-layerstress state,19 ;20 ;28 and it is further assumed that the
stress functionscorrespondingto the stationarityof the complemen-
tary energy can be regarded as the solutions to the boundary-layer
stresses.

5) Determine the parameters in the boundary-layer stress func-
tions by imposing the associated boundary conditions.

Variational Principle of Complementary Energy
The complementary energy of the present system can be written

as

5 D 5c C 1

2

Z

v

f¾ egT [S]f¾ eg dv C
Z

v

f¾ egT f"cg dv ¡
Z

s

fpegT fug ds

(4)

where 5c is the complementary energy resulting from the CLPT
stress state, v is the domain in which the complementary energy is
considered,and f peg are the boundary-layertractions applied to the
boundary s with prescribed displacements fug. The � rst term is de-
termined by the CLPT stress state, which is assumed to be indepen-
dent of the boundary-layer stresses for mathematical convenience.
The second term is the strain energy arising from the boundary-
layer stress components.The third term is the work representingthe
coupling effect between the boundary-layerstresses and the CLPT
strains, and the fourth term is the work done by boundary-layer
tractions on the prescribeddisplacementboundary. In the analytical
models of free edge effects, the contributionof the third term to the
complementary energy is usually ignored to simplify the involved
mathematical work.19 ;20 ;28

A. Boundary-Layer Equilibrium Equations
Because edge effects constitute a fully three-dimensional prob-

lem, each ply in the laminate is treated as a separate three-dimen-
sional elastic body with all six stress components.The total stresses
of the system are required to obey the three-dimensional equilib-
rium equations in the cylindrical coordinate system. Because the
CLPT stress state, one part of the total stresses, has already satis-
� ed the equilibrium conditions, this part can be removed from the
equilibrium equations.Hence, only the boundary-layerstress state,
another part of the total stresses, is kept in these equilibrium equa-
tions. This means that the equilibriumconditionscan be guaranteed
in the present system only if the boundary-layer stress state satis-
� es these equilibrium equations. Therefore, after introducing the
following two dimensionless variables:

» D .r ¡ R/=h; ´ D z=h .5/

the equilibrium equations governing the i th ply only in terms of the
correspondingboundary-layerstress state can be written as

1
h

@¿
e.i/
rµ

@»
C 1

»h C R

@¾
e.i/
µ

@µ
C 1

h

@¿
e.i/
zµ

@´
C 2¿

e.i/
rµ

»h C R
D 0 .6a/
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1
h

@¾ e.i/
r

@»
C 1

»h C R
@¿

e.i/
rµ

@µ
C 1

h
@¿ e.i /

zr

@´
C ¾ e.i/

r ¡ ¾
e.i/
µ

»h C R
D 0 (6b)

1
h

@¿ e.i /
zr

@»
C

1

»h C R

@¿
e.i /
zµ

@µ
C

1
h

@¾ e.i /
z

@´
C

¿ e.i/
zr

»h C R
D 0 (6c)

Following Refs. 15 and 16, the boundary-layer stresses may be
expanded into a power series of a small parameter (h=R), such that
h=R ¿ 1,

¾ e.i/ D
1X

m D 0

f .m/

.i / .»; ´; µ/

³
h

R

´m

.7/

where the superscriptm in f .m/

.i/ .»; ´; µ / denotes the order and that in
.h=R/m denotes the correspondingpower. Substituting Eq. (7) into
equilibrium equations (6) and comparing the terms with the equal
power of h=R yield a series of equilibriumequations for boundary-
layer stress coef� cients16

@ f .0/

rµ .i/

@»
C

@ f .0/

zµ .i/

@´
D 0 (8a)

@ f .0/

r .i/

@»
C

@ f .0/

zr.i /

@´
D 0 (8b)

@ f .0/

zr.i /

@»
C

@ f .0/

z.i/

@´
D 0 (8c)

For m ¸ 1, one sets

@ f .m/

rµ .i/

@»
C

@ f .m/

zµ .i/

@´
C »

³
@ f .m ¡ 1/

rµ.i /

@»
C

@ f .m ¡ 1/

zµ.i /

@´

´

C
@ f .m ¡ 1/

µ .i/

@µ
C 2 f .m ¡ 1/

rµ.i/ D 0 (9a)

@ f .m/

r.i /

@»
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@ f .m/

zr .i/

@´
C »

³
@ f .m ¡ 1/

r .i/

@»
C

@ f .m ¡ 1/

zr.i /

@´

´

C
@ f .m ¡ 1/

rµ.i /

@µ
C f .m ¡ 1/

r.i / ¡ f .m ¡ 1/

µ.i/ D 0 (9b)

@ f .m/

zr .i/

@»
C

@ f .m/

z.i /

@´
C »

³
@ f .m ¡ 1/

zr.i/

@»
C

@ f .m ¡ 1/

z.i/

@´

´

C
@ f .m ¡ 1/

zµ.i/

@µ
C f .m ¡ 1/

zr .i/ D 0 (9c)

The boundary-layer theory16;19 has con� rmed that the zeroth-
order boundary-layer stress coef� cients can approximately repre-
sent the boundary-layer stresses resulting from the edge effects in
Eq. (1).The stresscoef� cient f .0/

µ.i / dropsoutof equilibriumequations
(8)but can be obtainedby settingtheboundary-layercircumferential
strain "

e.i /
µ to be zero16;19 because curved edge effects do not cause

additional circumferential strain, such as the case of traction-free
circular holes numericallyveri� ed by Raju and Crews.32 Therefore,
from Hooke’s constitutive relationships, one can obtain

f .0/

µ.i/ D ¡
S.i /

12 f .0/

r .i/ C S.i/
23 f .0/

z.i/ C S.i/
26 f .0/

rµ.i/

S.i/
22

.10/

An important feature of the boundary-layer theory is that there
are no partial derivative terms with respect to µ in the zeroth-order
boundary-layerequilibriumequations.Hence, the mathematicalop-
erations to determine the six zeroth-orderboundary-layerstress co-
ef� cients are not performedon the valuesof µ in the variationalpro-
cedure of complementaryenergy. However, all of them still depend
on µ and, thus, are functions of »; µ , and ´. From this point onward,
therefore, the µ dependence is not shown explicitly in the following
equations for reasons of clarity. Moreover, the symbols for stress
coef� cients f .0/ are hereinafter replacedby that for boundary-layer
stresses ¾ e.

B. Boundary-Layer Stress Functions
Equilibrium equations (8) can be identi� ed as two groups. The

� rst group consistsof Eqs. (8b) and (8c). The stresses¾ e.i /
r ; ¾ e.i/

z and
¿ e.i/

zr in Eqs. (8b) and (8c) are consideredto be the stress components
in the z–r planestrainstate.Therefore,these threestresscomponents
can be related by a function F .i /.»; ´/ that satis� es plane strain
equilibrium equations. The second group consists of Eq. (8a). The
stresses ¿ e.i/

rµ
and ¿ e.i /

zµ
are related by a stress function G.i/.»; ´/ that

ensures the satisfaction of equilibrium equation (8a). Suppose that
the stress functions on » and ´ can be separated according to

F .i /.»; ´/ D 8.i /.» /p.i /.´/ (11)

G.i/.»; ´/ D 9.i /.» /q.i /.´/ (12)

Then, the boundary-layerstress components can be written as

¾ e.i /
r D

@2 F .i/

@´2
D 8.i/.» /

d2 p.i/.´/

d´2
(13a)

¾ e.i /
z D

@2 F .i/

@» 2
D

d28.i/.» /

d» 2
p.i/.´/ (13b)

¿ e.i/
zr D ¡ @2 F .i/

@» @´
D ¡d8.i/.» /

d»

dp.i /.´/

d´
(13c)

and

¿
e.i/
rµ D @G .i/

@´
D 9 .i/.» /

dq.i /.´/

d´
(14a)

¿
e.i/
zµ D ¡ @G .i/

@»
D ¡d9.i /.» /

d»
q .i/.´/ (14b)

The stress component ¾
e.i/
µ can be obtained from Eq. (10), i.e.,

¾
e.i/
µ D f .0/

µ .i/ .
For functions p.i/.´/ and q.i/.´/, the assumptions made in

Refs. 19, 20, and 33–35 are adopted:

p.i/.´/ D 1
2 ´2 C A.i/´ C B.i / (15)

q.i /.´/ D ´ C C .i/ (16)

where A.i/; B.i /, and C .i/ areparametersthat are determinedfor each
ply. The preceding assumptions result in two in-plane boundary-
layer stress components that are uniform through the ply thickness,
that is, ¾ e.i/

r D 8.i/.» / and ¿ e.i/
rµ

D 9.i/.» /.
To satisfy the tractioncontinuityconditionsat everyply interface,

functions 8.i/ and 9.i/ throughout the laminate thickness must be
represented by a common function in each case and related param-
eters. Furthermore, because both the existence of boundary-layer
stress state and the difference of CLPT stress state in each ply are
attributed to the mismatch of relative elastic properties between
individual plies, the two in-plane boundary-layer stress compo-
nents are assumed to be proportional to their CLPT counterparts in
each ply. Noting that ¾

c.i/
r0 and ¿

c.i /
rµ 0 (the subscript 0 represents

the variables along the pin-loaded hole edge) are CLPT radial and
shear stresses in the i th ply along the hole edge and that ¾ c

r0 is the av-
erage in-plane radial stress componentacross the laminate thickness
along the hole edge, one can write

¾ e.i/
r D 8.i/.» / D

¡
¾

c.i/
r0 ¡ ¾ c

r0

¢
8.»/ (17)

¿
e.i/
rµ D 9.i /.» / D ¿

c.i /
rµ0 9.»/ (18)

wherein¾ c
r 0 is equal to zeroon theno-contactsurface.Theseassump-

tions, thus,yield a zero resultantfor the two in-planeboundary-layer
stresses over the laminate thickness. For the problem of free edge
effects, similar assumptionshave been made to constitute the stress
functions.19 ;20 ;28;35;36 Because of the assumptions in Eqs. (17) and
(18), the restrictive conditions on contact surface in Eqs. (3) are
changed as follows:

9.0/ D ¡1; 80.0/ D 0; u.i/
r .0/ D uc

r0 .19a/
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and on no-contact surface are changed as follows:

9.0/ D ¡1; 80.0/ D 0; 8.0/ D ¡1 (19b)

8.1/ D 0; 80.1/ D 0; 800.1/ D 0 (19c)

9.1/ D 0; 9 0.1/ D 0 (19d)

and the condition ¾
.i /
µ .» ! 1/ D ¾

c.i/
µ is, thus, automatically satis-

� ed, following the conditions in Eqs. (19c) and (19d).
From the assumptions regarding the stress functions, the param-

eters A.i/; B.i /, and C .i/ in functions p.i /.´/ and q .i/.´/ are deter-
mined by enforcing the traction-continuityconditions at interfaces
in Eq. (3c) and the traction-free conditions on the bottom and top
surfaces of the laminate in Eqs. (3a) and (3b), as follows.20 For the
� rst ply

A.1/ D 0; B.1/ D 0; C .1/ D 0 .20a/

and for the other plies, i.e., i ¸ 2,

A.i / D 1
¡
¾

c.i/
r 0 ¡ ¾ c

r 0

¢
i ¡ 1X

k D 1

¡
¾

c.k/

r0 ¡ ¾ c
r 0

¢
¡ .i ¡ 1/ (20b)

B .i/ D ¡ 1
¡
¾

c.i /
r0 ¡ ¾ c

r0

¢
i ¡ 1X

k D 1

µ
1
2

¡
¾

c.k/

r0 ¡ ¾ c
r0

¢
.2k ¡ 1/

¶
C .i ¡ 1/2

2

(20c)

C .i/ D 1
¡
¿

c.i/
rµ 0

¢
i ¡ 1X

k D 1

¡
¿

c.k/

rµ0

¢
¡ .i ¡ 1/ (20d)

Especially, it can be derived from the preceding equations that

A.n/ D ¡n; B.n/ D ¡n2=2; C .n/ D ¡n .20e/

Hence, although p.i /.´/ and q .i/.´/ in terms of higher-order-degree
polynomials are preferable because a better accuracy can be ex-
pected for stress distributionacross the laminate thickness, they are
assumed to be a second- and a � rst-degree polynomials, respec-
tively, in the present model so that all of the parameters related to
them can be determined from the traction-continuityconditions at
ply interfacesand the traction-freeconditionson the surfaces of the
laminate. Previous research18¡20;28;33¡37 has veri� ed that the lower-
degree approximationsin the laminate thicknessdirectioncan yield
reliable values, especially for interlaminar shear stress component
¿zµ

at interfaces in the problem of curved free edge effects.

C. Governing Equations
As stated earlier, the mathematical operations are not performed

on the valuesof µ in thevariationalprocedure;therefore,thecomple-
mentary energy can be considered in a domain of 0 · z · H and
R · r · 1 for all values of µ . Because the summation of the boun-
dary-layer stress ¾

e.i/
r0 is equal to zero over the laminate thickness,

the fourth term in Eq. (4) is null in the present system, thoughthe ra-
dial displacement,remaininguniformacross the laminate thickness,
is prescribed on the contact surface. After expanding the matrices,
the complementaryenergy 5e that results from the boundary-layer
stress state, i.e., 5e D 5 ¡ 5c in Eq. (4), is expressed by

5e D 1

2

Z 1

0

Z n

0

µ³
S11 ¡

S2
12

S22

´¡
¾ e

r

¢2 C
³

S33 ¡
S2

23

S22

´¡
¾ e

z

¢2

C
³

S66 ¡
S2

26

S22

´¡
¿ e

rµ

¢2 C S44

¡
¿ e

zr

¢2 C S55

¡
¿ e

zµ

¢2

C 2

³
S13 ¡

S12 S23

S22

´¡
¾ e

r

¢¡
¾ e

z

¢
C 2

³
S16 ¡

S12S26

S22

´¡
¾ e

r

¢¡
¿ e

rµ

¢

C 2

³
S36 ¡

S23 S26

S22

´¡
¾ e

z

¢¡
¿ e

r µ

¢
C 2S45

¡
¿ e

zr

¢¡
¿ e

zµ

¢
C 2

¡
¾ e

r

¢¡
"c

r

¢

C 2

³
¡

S12

S22
¾ e

r ¡
S23

S22
¾ e

z ¡
S26

S22
¿ e

rµ

´¡
"c

µ

¢
C 2

¡
¿ e

rµ

¢¡
"c

rµ

¢¶
h2 d» d´

(21)

Substituting the expressions for boundary-layer stress components
into Eq. (21) and integrating with respect to ´ in the interval 0 ·
´ · n, the complementaryenergy of the system 5e is obtained only
in terms of functions 8 and 9:

5e D h2

Z 1

0
0.8; 80; 800; 9; 9 0/ d» .22/

where

0.8; 80; 800; 9; 9 0/ D f18
2 C f2.800/2 C f392 C f4.80/2

C f5.9 0/2 C f68800 C f789 C f88009 C f9809 0

C f10"
c
µ 8 C f11"

c
µ 9 C f12"c

µ 800 (23)

The parameters fi in Eq. (23) are de� ned in the Appendix.The com-
plementary energy 5e and the function 0 are also called the func-
tionalsof the system because they are functionsof other functions8
and 9 . Now the governingequationsof the systemcan be yieldedby
invokingthe stationarityconditionof 5e, i.e., ±5e D 0, with respect
to the two functions 8 and 9 (Ref. 38). In addition, the boundary
conditions corresponding to the prescribed displacements on the
contact surfaces (namely, the natural boundary conditions de� ned
subsequently) can be generated and taken into account using the
variationalprincipleof complementaryenergy. Imposing variations
onto Eq. (22) and applying the traction-free boundary conditions
(namely, the essential boundary conditions de� ned subsequently)
in Eqs. (19), one can obtain two Euler–Lagrange equations,

@0

@8
¡ d

d»

³
@0

@80

´
C d2

d» 2

³
@0

@800

´
D 0 (24)

@0

@9
¡ d

d»

³
@0

@9 0

´
D 0 (25)

The natural boundary condition is obtained as
µ

@0

@80
¡ d

d»

³
@0

@800

´¶ ­­­­
» D 0

D 0 .26/

Substituting Eq. (23) into Eqs. (24–26), the following equations
in which functions8 and 9 yield stationarityof the complementary
energy are derived:

2 f18 C 2. f6 ¡ f4/Á00 C . f8 ¡ f9/9
00 C f79

C 2 f28
I V C f10"c

µ C f12

¡
"c

µ

¢00 D 0 (27)

2 f39 C f78 C . f8 ¡ f9/8
00 ¡ 2 f59

00 C f11"c
µ D 0 (28)

2 f28
000.0/ C . f8 ¡ f9/9

0.0/ D ¡ f12

¡
"c

µ

¢0­­
» D 0

(29)

Combining Eqs. (27) and (28) leads to

8V I C g18
I V C g28

00 C g38 D ¡g4"
c
µ ¡ g5

¡
"c

µ

¢00 ¡ g6

¡
"c

µ

¢I V
(30)

9 D h18
I V C h28

00 C h38 C h4"
c
µ C h5

¡
"c

µ

¢00
(31)

where gi and h i are µ -dependent parameters to be expressed in the
Appendix. Thus, the general solutions for 8 and 9 are determined
through the parameters gi by the CLPT stress components of in-
dividual plies along the pin-loaded hole edges. The terms related
to the CLPT circumferential strain "c

µ around the holes constitute
particular solutions,which thus attain a value of zero far away from
the pin-loaded holes. From the sixth-order linear differential equa-
tion (30), the general and particular solutions of 8 are obtained by
using the standard procedure of linear differential equations with
the functions represented in terms of exponentials.The function 9
is simultaneouslyobtained from Eq. (31). The general solution for
Eq. (30) is obtained, using the following characteristic equation:

¸6 C g1¸4 C g2¸
2 C g3 D 0 .32/

For general cases, the boundary-layerstresses can be represented
by two functions. But in some special cases, some boundary-layer
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stress components are identically equal to zero. For example, if the
CLPT component ¿ c.i /

rµ
vanish in each ply, the stress components

¿ e.i/
rµ

and ¿ e.i /
zµ

are always equal to zero due to the assumption in
Eq. (18). These situations may be encountered in cross-ply lami-
nates. Thus, the boundary-layerstresses are related to one function
8 and Eqs. (27) and (29) are degenerated into

8 I V C
f6 ¡ f4

f2
800 C

f1

f2
8 D ¡

f10"c
µ C f12

¡
"c

µ

¢00

2 f2

(33)

2 f28
000.0/ D ¡ f12

¡
"c

µ

¢0­­
» D 0

(34)

and the related characteristic equation is

¸4 C
f6 ¡ f4

f2
¸2 C

f1

f2
D 0 .35/

Solutions to the Problem
The solution forms for functions 8 and 9 are determined by the

roots of characteristic equations, which vary with different mate-
rial properties and laminate constructions. Also, the roots are not
constants but dependent on the values of µ ; therefore, even for a
given laminate, the solutions have different forms at different µ .
The following solution cases will be encountered in the numerical
examples of next section.

A. Case 1
The solutionof characteristicequation (32) has two real roots and

four complex roots:

¸1;2 D §®; ¸3;4;5;6 D §.¯ § ° i/ .36/

where ®, ¯ , and ° are positive and real. The general solution for 8
involves terms with e§®» , e§¯» sin ° » , and e§¯» cos ° » . To ensure
that edge effectsdisappearand the resultsof the CLPT are recovered
far from the boundaries [functionally expressed in Eqs. (19c) and
(19d)], the terms with positiveexponentialmust be neglected.Thus,
the complete solution of 8 is

8.»/ D C1 e¡®» CC2 e¡¯» sin ° » CC3 e¡¯» cos ° » C81.» / .37/

where C1, C2 , and C3 are parametersinvolvedin the general solution
of 8, and 81 is the particular solution.Simultaneously,substituting
the expression of 8 into Eq. (31), the complete solution of 9 is
obtained as

9.»/ D I1C1 e¡®» C .I3C2 ¡ I2C3/ e¡¯» sin ° »

C .I2C2 C I3C3/ e¡¯» cos ° » C 91.» / (38)

where

I1 D ®4h1 C ®2h2 C h3 (39a)

I2 D ¡2¯°
£
2.¯2 ¡ ° 2/h1 C h2

¤
(39b)

I3 D .¯4 C ° 4 ¡ 6¯2° 2/h1 C .¯2 ¡ ° 2/h2 C h3 (39c)

The particular solution 91 is determined to be

91.» / D h18I V
1 .» / C h2800

1.» / C h381.» / C h4"
c
µ C h5

¡
"c

µ

¢00

(40)

Then the three parameters C1, C2, and C3 can be determined by the
boundary conditions at » D 0. There are three essential boundary
conditions in Eq. (19b) on the no-contact surface and two essen-
tial boundary conditions in Eq. (19a) and one natural condition in
Eq. (29) regarding the prescribed radial displacement on the con-
tact surface. Imposing both the no-contactand contact surfaceswith
shear traction-freeconditions,one gets the followingtwo equations:

¡®C1 C ° C2 ¡ ¯C3 D ¡80
1.0/ (41a)

I1C1 C I2C2 C I3C3 D ¡1 ¡ 91.0/ (41b)

The no-contactsurface with the radial traction-freeconditionyields
the equation

C1 C C3 D ¡1 ¡ 81.0/ .41c/

and the contact surface with the natural boundary condition yields
the following equation:

£
I1®. f8 ¡ f9/ C 2®3 f2

¤
C1

¡
£
.I3° ¡ I2¯/. f8 ¡ f9/ C 2 f2.3¯2° ¡ ° 3/

¤
C2

¡
£
¡.I3¯ C I2° /. f8 ¡ f9/ C 2 f2.3¯° 2 ¡ ¯3/

¤
C3

D f12

¡
» c

µ

¢0­­
» D 0

C 2 f28000
1 .0/ C . f8 ¡ f9/9 0

1.0/ (41d)

Equations (41a– 41c) are combined to solve the parameters for the
region inside the no-contact angle, and Eqs. (41a), (41b), and (41d)
are combinedto solvetheparametersfor the regioninsidethecontact
angle.

B. Case 2
The solution of Eq. (32) has six real roots,

¸1;2 D §®; ¸3;4 D §¯; ¸5;6 D §° .42/

For the same reasons given for case 1, positive roots are neglected,
and the complete solution for 8 is

8.»/ D C1 e¡®» C C2 e¡¯» C C3 e¡° » C 81.» / .43/

Through Eq. (31), the complete solution for 9 is obtained as

9.»/ D I1C1 e¡®» C I2C2 e¡¯» C I3C3 e¡° » C 91.» / .44/

where the particularsolution91 has the same formas that in Eq. (40)
and, furthermore,

I1 D ®4h1 C ®2h2 C h3 (45a)

I2 D ¯4h1 C ¯2h2 C h3 (45b)

I3 D ° 4h1 C ° 2h2 C h3 (45c)

Imposing the essential boundary conditions on the hole edge, one
obtains the following two equations on both the no-contact surface
and the contact surface:

¡®C1 ¡ ¯C2 ¡ ° C3 D ¡80
1.0/ (46a)

I1C1 C I2C2 C I3C3 D ¡1 ¡ 91.0/ (46b)

and the following equation on the no-contact surface:

C1 C C2 C C3 D ¡1 ¡ 81.0/ .46c/

In addition, on the contact surface

£
I1®. f8 ¡ f9/ C 2®3 f2

¤
C1 C

£
I2¯. f8 ¡ f9/ C 2¯3 f2

¤
C2

C
£
I3° . f8 ¡ f9/ C 2° 3 f2

¤
C3 D f12

¡
"c

µ

¢0­­
» D 0

C 2 f28000
1 .0/

C . f8 ¡ f9/9
0
1.0/ (46d)

Similarly, Eqs. (46a–46c) are then combined to determine the three
parametersfor the regioninsidethe no-contactangle,andEqs. (41a),
(41b), and (41d) are combined to determine the three parameters for
the region inside the contact angle.
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C. Case 3
When the solution of characteristic equation (35) has four com-

plex roots

¸1;2;3;4 D §.® § ¯i/ .47/

then the complete solution for 8 is

8.»/ D C1 e¡®» sin¯» C C2 e¡®» cos ¯» C 81.» / .48/

The shear traction-freecondition 80.0/ D 0 on both the contact and
no-contact surfaces yields

¯C1 ¡ ®C2 D ¡80
1.0/ .49a/

The radial traction-freecondition8.0/ D ¡1 on the no-contactsur-
face yields

C2 D ¡1 ¡ 81.0/ .49b/

The natural boundary condition regarding u.i /
r .0/ D uc

r 0 on the con-
tact surface yields

2 f2.3®2¯ ¡ ¯3/C1 C 2 f2.3®¯2 ¡ ®3/C2

D ¡ f12

¡
"c

µ

¢0­­
» D 0

¡ 2 f28000
1 .0/ (49c)

Thus, the set of Eqs. (49a) and (49b) yields the two parameters for
the region inside the no-contact angle, and the set of Eqs. (49a) and
(49c) yields the two parameters for the region inside the contact
angle.

Therefore, if the CLPT stress and strain states around the pin-
loaded holes are known a priori, the procedure to determine the
complete solutions of 8 and 9 poses no mathematical dif� culty in
the present model. It is clear that the µ dependence of boundary-
layer stresses arise from the CLPT stress components through the
assumptions in Eqs. (17) and (18) and the roots of characteristic
equations through parameters fi , which are governed by both com-
pliances Si j and the CLPT stress components.

Numerical Examples and Discussions
The analytical solution outlined in the foregoing is applied to

study interlaminar stresses around pin-loaded holes in cross-ply
graphite/epoxy laminates.A quantitativecomparisonwith the linear
� nite element results obtained by Lessard et al.23 and Shokrieh and
Lessard7 is also provided. For the purpose of comparison, the load
P is applied to the laminate along one of its principal axes in the
numerical examples, that is, the principal axes of the laminate are
coincidedwith the x and y axes, as shown in Fig. 1. Consistentwith
the boundary conditions in the � nite element models,7;23 the rigid
pins are assumed to have the same diameter as the holes, thus form-
ing perfect � tting between them. The basic material properties of
the graphite/epoxysystem consideredin the work of Lessard et al.23

are adopted: E11 D 150 GPa, E22 D E33 D 8 GPa, G12 D G13 D
5 GPa, G23 D 3 GPa, º12 D º13 D º23 D 0:3, and h D 0:134 mm. The
thickness of all of the considered laminates is H D 2:144 mm
(composed of 16 plies), and the radius of the pin-loaded hole in
each laminate is R D 3:175 mm. In the results discussed, all of the
stresses are normalized with respect to the bearing stress ¾b , which
is equal to P=.2R H /.

To obtain the CLPT stress and strain states around pin-loaded
holes, ZhangandUeng’s compactanalyticalsolutions30 in the forms
of Lekhnitskii’s complex stress functionsare chosen becausea clear
analytical solution form for both average in-plane stresses and dis-
placements along the hole edges can be easily derived from the
complex stress functions. The determination of average in-plane
stress and strain states near the pin-loaded holes from the complex
stress functions,however, is algebraicallytedious.To overcome this
dif� culty,a simpli� ed technique39 is adopted,in which the radialdis-
tributionof average in-plane stresses are approximatelyrepresented
in terms of exponentialsassociatedwith their correspondingvalues
at the hole edges.From the simpli� ed technique,the circumferential

in-plane strain of the laminates around pin-loaded holes can be ap-
proximated as

"c
µ D "c

µ0 e¡·» .50/

where · is a nondimensionalconstantdependenton laminate geom-
etry and construction and contact characteristic, thereby making it
rather convenient to determine the particular solutions 81 and 91.
The exponentials are believed to provide a better approximation
because the average in-plane stresses vanish monotonically away
from the holes.39 The values of · are 4:72 £ 10¡2 for the cross-ply
laminates in the present numerical examples. The CLPT stress and
strain states requiredas primitive input data in the present solutions
are calculated from Zhang and Ueng’s solutions,30 where the re-
gion of contact surfaces has been set to be ¡90 · µ · 90 deg,
i.e., semihole contact. As a result, this contact region is used in the
present numerical examples. In many existing works,7 ;23 a smaller
contact region, such as ¡82:5 · µ · 82:5 deg, has been considered
to be more reasonable for the composite pinned joints with perfect
� tting. Therefore, the following numerical results are demonstrated
only in the laminates within the region of 0 · µ · 90 deg because
the edge effects in the vicinityof no-contactsurfaces are small com-
pared with those in the vicinity of contact surfaces. In the problem
of free edge effects using a similar procedureof complementaryen-
ergy principle,19;20 ;28 the particular solutions in the stress functions
are abandoned to simplify the formulations, which seems to have
little effect on the numerical results. Accordingly, the in� uences of
the particular solutions 81 and 91 on the edge effects in the present
model are examined here.

The in-plane stress components in the 0- and 90-deg layers of
a [04=904]s laminate along the pin-loaded hole edge are shown
in Figs. 3 and 4 to substantiate the validity of the present model.
The CLPT stress results are calculated using Zhang and Ueng’s

Fig. 3 In-plane stresses along the pin-loaded hole edge in the 0-deg
layer of a [04/904]s laminate; CLPT stresses are based on Zhang and
Ueng’s solutions.30

Fig. 4 In-plane stresses along the pin-loaded hole edge in the 90-deg
layer of a [04/904]s laminate; CLPT stresses are based on Zhang and
Ueng’s solutions.30
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analyticalsolutions.30 The presentstress results are calculatedusing
the stress functions with particular solutions 81 and 91 included,
and the circumferential stress ¾µ is the average value across the
layer thickness in each layer because it is not of uniform distribu-
tion along the thickness direction in the present model. It can be
observed that the radial component ¾r from the two types of solu-
tions is almost identical, although evident differences for the other
two components¾µ and ¿rµ

are present. In particular,the shear stress
¿rµ

from the present solutions is identicallyequal to zero on the con-
tact surfaces, but it is quite large from the CLPT solutions. Hence,
the tractionboundary conditionson the contact surfaces are exactly
satis� ed in the presentsolutions.Thus, it can be seen that the present
solutions provide an improvement over the CLPT solutions.

Figures 5–7 show the circumferential distribution of the inter-
laminar stresses at the 0=90 interface right at the pin-loaded hole

Fig. 5 Interlaminar shear stress ¿xz at the 0/90 interface along the
pin-loaded hole edge in a [04/904]s laminate. P.S., particular solution.

Fig. 6 Interlaminar shear stress ¿yz at the 0/90 interface along the
pin-loaded hole edge in a [04/904]s laminate. P.S., particular solution.

Fig. 7 Interlaminar normal stress ¾z at the 0/90 interface along the
pin-loaded hole edge in a [04/904]s laminate. P.S., particular solution.

edge in a [04=904]s laminate, wherein the results from the present
solutions with or without consideration of the particular solutions
81 and 91 in the stress functions are compared with the three-
dimensional linear � nite element results obtainedby Lessard et al.23

and Shokrieh and Lessard.7 In the � nite element analysis, the inter-
laminarstressvaluesnear pin-loadedhole edgesare very sensitiveto
the element meshing. As a matter of fact, Lessard et al.23 predicted
a much higher interlaminarshear stress concentrationthrougha � ne
element meshing, whereas Shokrieh and Lessard7 predicteda lesser
stress concentrationthrough a relatively coarse element meshing. It
is seen from Figs. 5 and 6 that, when the stress functions with par-
ticular solutions included are considered,not only the stress values
but also the variation trend seem to tend toward the results obtained
in Lessard et al.23 Hence, the inclusion of particular solutions into
the stress functions, i.e., complete solutions in the present model,
is quite important. The interlaminar shear stress values predicted
by the present solutions lie between those by the two � nite element
solutions.7 ;23 Because of the existence of the potentiallyhigh inter-
laminar stress gradient � eld near the edges, different methods may
predict different peak stress values at the edges.34 For example, it
is believed that higher interlaminar stresses concentrations can be
predicted if the displacement continuity at ply interfaces is exactly
satis� ed.40 Therefore, the present model based on the variational
principle of complementary energy may predict stress values with
a lower level of concentration along hole edges. The interlaminar
shear stresses obtained using the present solutions, however, have
a good correlation with the � nite element results7 ;23 except within
a small region near µ D 90 deg. This discrepancy results from the
difference in the contact angles used in the � nite element analysis
(wherein the contact region was set to be ¡82:5 · µ · 82:5 deg)
(Ref. 23) and in Zhang and Ueng’s solutions.30 The present results
and the � nite element results23 in Fig. 7 show considerable differ-
encesin the caseof the interlaminarnormal stress¾z , especiallynear
the contact center (at µ D 0 deg), though the value and location of
negative peak stress predicted by the two solutions are fairly close.
In fact, it seems more dif� cult to obtain the accurate value of inter-
laminar normal stress arising from edge effects.14 ;19;37 Even for the
simple case of straight free edges in [45=45]s angle-ply laminate,
the interlaminarnormal stress disagrees in both magnitudeand sign
from various analytical models.14 Fortunately, the magnitude of ¾z

is comparatively small in this problem.
The edge effects around pin-loadedholes in a [904=04]s laminate

are also analyzed by the present solutions. Only the interlaminar
stress ¾z at the 90=0 interface along the pin-loadedhole edge is pre-
sented in Fig. 8 because the results indicate that the magnitudes of
interlaminarshearstresses¿zµ

and¿zr are identicalforboth [904=04]s

and [04=904]s laminates. To make further comparison, the � nite el-
ement results for a [902=02]s laminate obtained from Sperling21 are
also included in Fig. 8, although the material properties are some-
what different and the hole size and laminate thickness are not re-
ported.The results for the stress ¾z from the presentsolutionand the
� nite element analysis23 reach a good agreement except within the
region near µ D 90 deg because of different contact angles in these
two solutions. However, they do not agree with those of Shokrieh

Fig. 8 Interlaminar normal stress ¾z at the 90/0 interface along the
pin-loaded hole edge in a [904 /04]s laminate. P.S., particular solution.
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and Lessard7 and Sperling.21 It is especially noticeable that inter-
laminar tensile normal stress with a higher value near µ D 0 deg is
predicted by Sperling.21 This discrepancy may be attributed to the
element meshing in the � nite element analysis because the mag-
nitudes of concentrated interlaminar stresses along the hole edges
strongly depend on the mesh size. Comparing the � nite element
results in various papers,7;21¡23 interestingevidence may be discov-
ered that, for the cross-ply laminates, the � nite element models with
coarse meshing predict lower interlaminar shear stresses but higher
normal stress. The radial distributionof all of the three interlaminar
stresses at the 90=0 interface in the [904=04]s laminate is provided
through a range of µ values with the aid of the complete solutions
of the stress functions in the present model, as shown in Figs. 9–11.
It is seen that the component ¿zµ

is dominant around the pin-loaded
holes and the magnitude of the other two components¿zr and ¾z are
much smaller. The edge effects characteristically with high-stress

Fig. 9 Radial distribution of interlaminar shear stress ¿zµ at the 90/0
interface around the pin-loaded hole in a [904/04]s laminate.

Fig. 10 Radial distribution of interlaminar shear stress ¿zr at the 90/0
interface around the pin-loaded hole in a [904/04]s laminate.

Fig. 11 Radialdistribution of interlaminarnormal stress ¾z at the 90/0
interface around the pin-loaded hole in a [904/04]s laminate.

gradient are localized within about two laminate thickness distance
away from the hole edges, and the stresses ¿zµ

and ¾z vanish more
quickly than the stress¿zr . The sign of all three interlaminarstresses
is changed, but the radial die-away distribution of the component
¿zµ

is close to a monotonic type. An important evidence observed
is that the edge effects disappear more rapidly at locations close to
the contact center.

Conclusions
An analytical techniquehas been developed to yield closed-form

solutionsfor theedgeeffectstressesaroundpin-loadedholes in lami-
natedcomposites.From the presentsolutions,the three-dimensional
stress state resulting from the edge effects can convenientlybe de-
termined based on the knowledge of in-plane stresses and strains
around the pin-loadedholes, which can be obtained with the CLPT.
In addition,the presentsolutions for the region inside the no-contact
angle can be extended to calculate the free edge effects around
traction-free circular holes. Following the numerical results in the
preceding section, the following can be concluded:

1) The edge effects have strong in� uence on the in-plane stresses
¾µ and ¿rµ

but have less in� uence on the in-plane radial stress ¾r

around pin-loaded holes.
2) The edge effects vanish more quickly near the center of the

contact surface, but the maximum interlaminar stress state exists at
points not far away from the contact center.

3) The stress component ¿zµ
is much larger than the other two

interlaminar stress components.
4) The particular solutions should be included in the stress func-

tions to improve the precision of numerical results but can be ne-
glected to furtherreducethe involvedmathematicalworkwhenmak-
ing qualitative comparison for design scheme.

5) The present technique can ef� ciently calculate the three-
dimensional edge effect stresses in thick laminates because the so-
lutions are given in closed forms.

Appendix: Parameters Used in Complementary
Energy Function

The following expressions de� ne the parameters fi , gi , and hi

involved in the formulations of the text: The expressions for fi are

f1 D
1

2

nX

i D 1

³
S.i/

11 ¡
S.i/2

12

S.i/
22

´
¡
¾

c.i /
r 0 ¡ ¾ c

r 0

¢2
(A1)

f2 D 1
2

nX

i D 1

³
S.i/

33 ¡
S.i/2

23

S.i/
22

»́
1
20

[i 5 ¡.i ¡1/5]C 1
3

A.i/2
[i 3 ¡.i ¡1/3]

C B.i/2 C
1

4
A.i/[i 4 ¡ .i ¡ 1/4] C

1

3
B .i/[i 3 ¡ .i ¡ 1/3]

C A.i / B.i/[i 2 ¡ .i ¡ 1/2]

¼ ¡
¾

c.i/
r0 ¡ ¾r0

¢2
(A2)

f3 D 1

2

nX

i D 1

³
S.i/

66 ¡
S.i/2

26

S.i/
22

´
¡
¿

c.i /
rµ0

¢2
(A3)

f4 D 1
2

nX

i D 1

S.i /
44

»
1
3

[i 3 ¡ .i ¡ 1/3] C A.i/[i 2 ¡ .i ¡ 1/2] C A.i /2
¼

£
¡
¾

c.i/
r0 ¡ ¾ c

r0

¢2
(A4)

f5 D 1

2

nX

i D 1

S.i /
55

»
1

3
[i 3 ¡ .i ¡ 1/3] C C .i/[i 2 ¡ .i ¡ 1/2] C C .i /2

¼

£
¡
¿

c.i/
rµ 0

¢2
(A5)

f6 D
nX

i D 1

³
S.i /

13 ¡
S.i/

12 S.i /
23

S.i /
22

»́
1
6

[i 3 ¡ .i ¡ 1/3]

C 1

2
A.i /[i 2 ¡ .i ¡ 1/2] C B.i /

¼ ¡
¾

c.i/
r0 ¡ ¾ c

r0

¢2
(A6)



1892 ZHANG, HOA, AND GANESAN
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The parameters for gi are

g1 D
. f8 ¡ f9/

2 C 4 f5. f6 ¡ f4/ ¡ 4 f2 f3

1
(A13)

g2 D 4 f1 f5 C 2 f7. f8 ¡ f9/ ¡ 4 f3. f6 ¡ f4/
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where

1 D 4 f2 f5 .A19/

The parameters for hi are
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where
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